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Measurement of the Kerr Spin Parameter by Observation
of a Compact Object’s Shadow
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A black hole casts a shadow as an optical appearance because of its strong gravitational field.
We study how to determine the spin parameter and the inclination angle by observing the apparent
shape of the shadow, which is distorted mainly by those two parameters. Defining some observables
characterizing the apparent shape (its radius and distortion parameter), we find that the spin
parameter and inclination angle of a Kerr black hole can be determined by the observation. This
technique is also extended to the case of a Kerr naked singularity.
PACS numbers: 04.70.-s, 95.30.Sf, 98.35.Jk
I. INTRODUCTION
It is widely believed that there exist black holes in the
centers of many galaxies. Sgr A∗, which is the compact
radio source at the center of the Milky Way, is highly
likely to be a supermassive black hole. In fact, the New-
tonian orbital motion of the surrounding stars indicates
the mass of the dark compact object at the Galactic cen-
ter to be M ∼ 3.6 × 106M⊙ [1]. Since the galaxies are
rotating, it is very likely that a black hole at the center
of the galaxy also possesses a spin. The analysis of the
iron Kα emission line in the X-ray region indicates that
the fine structure of the line spectra shows the signature
of the black hole spin [2, 3]. However, this is difficult to
conclude because there is still some ambiguity and the
result may depend on the model of a gas inflow into a
black hole.
New methodological development for measuring the
spin of a black hole is the grand challenge in the next
generation of astronomy. The direct observation of black
holes by future interferometers will become possible in
the near future [4, 5, 6, 7]. In such an observation, a
black hole may cast a shadow in the sky as an optical
appearance due to its strong gravity, which we may call
the shadow of the black hole. One has to exercise due
care in the handling of the direct imaging of the shadow,
where a strong gravitational lensing effect plays a crucial
role. Though the theory of gravitational lensing has been
well developed in the weak field approximation and has
succeeded to explain many astronomical observations, we
have to develop new techniques to analyze strong gravita-
tional lensing effects, because the influence of the strong
gravity appears when the photon passes the vicinity of
a black hole [8, 9, 10, 11, 12]. In order to obtain defi-
nite evidence for a black hole, the direct imaging of the
shadows can be efficient [13, 14, 15, 16].
To discuss such a shadow of a black hole, we have to
∗Electronic address: hioki@gravity.phys.waseda.ac.jp
†Electronic address: maeda@waseda.jp
analyze the propagation of a light ray in the strong grav-
ity formed by a black hole. The Kerr solution is believed
to be a unique realistic and known space-time which well
describes an astrophysical black hole formed by a grav-
itational collapse of a rotating body. It is parametrized
by a spin parameter a and a gravitational mass M . The
regular horizon exists if |a| ≤ M , and we have a Kerr
black hole. If this condition is not satisfied, the space-
time has a naked singularity. From a theoretical stand-
point, the solutions of the Einstein equations with strong
gravity generally contain a space-time singularity, as a fi-
nal state of a realistic gravitational collapse. If the event
horizon appears and the space-time singularity is hidden,
a black hole is formed. It is the so-called cosmic censor-
ship hypothesis [17]. It implies that a naked singularity
does not exist in nature. However, this hypothesis has
so far not yet been proven, so a naked singularity is still
one of the most important subjects of general relativ-
ity [18, 19, 20, 21]. There is still a possibility that the
black hole candidates could be naked singularities.
The Kerr space-time will cast a variety of shadows
which fully depend on the spin parameter, the inclina-
tion angle of a black hole, and the configuration of the
light emission region. In the case that the light source
is an accretion disk around a black hole, the shadow has
been intensively studied numerically for various values of
the black hole parameters and positions of the emission
region on the disk [22, 23, 24, 25, 26, 27, 28, 29]. In
general, the shape of the shadow depends on the param-
eters in a very complex way. To extract some information
about a black hole, such as a spin parameter, from such
a complicated shape, we have to find a method by which
we can determine the parameters from the observed ap-
parent shapes.
In this paper, we present how to determine a spin pa-
rameter and an inclination angle by the direct imaging
of the shadows, assuming that the black hole candidate
is described by the Kerr space-time. The shadows of
Kerr-Newman space-times were analyzed in [30, 31, 32].
It was shown that there are sensible differences between
the shape of the shadow of a Kerr-Newman black hole
and that of a naked singularity. Here, by reanalyzing
2the shadows more elaborately, we propose a method to
determine those parameters and discuss how one can dis-
tinguish black holes from naked singularities for a wide
range of parameters. It may allow us to rule out the pos-
sibility by observation that the black hole candidate is a
naked singularity.
This paper is organized as follows. In Sec. II, we briefly
summarize null-geodesics in a Kerr space-time, and de-
fine the apparent shape of a collapsed object. In Sec. III,
we introduce two observables and discuss how to deter-
mine the spin parameter by observing those observables.
The summary and remarks follow in Sec. IV. We use the
geometric units, i.e., c = G = 1 and adopt the definition
of curvatures in [33].
II. PHOTON ORBIT IN KERR SPACE-TIME
AND SHADOW
A. Equations of geodesic motion
The space-time of a rotating black hole is well de-
scribed by the Kerr metric in Boyer-Lindquist coordi-
nates [34], which is given by
ds2 = −
(
1− 2Mr
ρ2
)
dt2 +
ρ2
∆
dr2 + ρ2dθ2
−4Mra sin
2 θ
ρ2
dtdφ +
A sin2 θ
ρ2
dφ2 , (1)
where
∆ := r2 − 2Mr + a2 , ρ2 := r2 + a2 cos2 θ ,
A :=
(
r2 + a2
)2 −∆a2 sin2 θ . (2)
The parameters M and a represent, respectively, the
mass and specific angular momentum of the black hole.
The frame dragging effect is described by the off-diagonal
components of the metric, gtφ. The event horizon of the
black hole exists if the condition |a| ≤ M is satisfied. If
it is not satisfied, such a space-time has a naked singular-
ity. In this paper we discuss not only a black hole with
|a| ≤M but also a naked singularity with |a| > M .
In the Kerr space-time, there are two Killing vector
fields due to the assumption of stationarity and axisym-
metry of the space-time. It guarantees the existence of
two conserved quantities for a geodesic motion in the
Kerr space-time (the energy E and the axial component
of the angular momentum Lz). We also have the Killing-
Yano tensor field [17, 35],
f = r sin θdθ ∧ [(r2 + a2) dφ− adt] (3)
+a cos θdr ∧ (dt− a sin2 θdφ) ,
which provides an additional conserved quantity (the so-
called Carter constant Q). It makes the geodesic equation
of Kerr space-time integrable [36]. So, introducing two
conserved parameters ξ and η by
ξ =
Lz
E
and η =
Q
E2
, (4)
we find the following null-geodesic equations:
ρ2
dr
dλ
= ±
√
R , (5)
ρ2
dθ
dλ
= ±
√
Θ , (6)
ρ2
dt
dλ
=
1
∆
(A− 2Mraξ) , (7)
ρ2
dφ
dλ
=
1
∆
[2Mar + ξ csc2 θ(ρ2 − 2Mr)] , (8)
where λ is the affine parameter, and
R :=
(
r2 + a2 − aξ)2 −∆I , (9)
Θ := I− (a sin θ − ξ csc θ)2 , (10)
with
I (ξ, η) := η + (a− ξ)2 . (11)
These two conserved parameters (ξ and η) completely
determine the null-geodesic [37]. The equations for the
coordinate t and φ are not so important when we discuss
the black hole shadow below because of the space-time
symmetries. R andΘ must be non-negative from Eqs. (5)
and (6). This condition for Θ implies the condition such
that the pair of (ξ, η) satisfies the constraint I ≥ 0.
B. Apparent Shape of Collapsed Objects
Now we investigate the shadow of a collapsed object
(a Kerr black hole or a Kerr naked singularity). In order
to find out what such an object looks like, we first have
to define the apparent shape of a shadow. In this paper,
we assume that the light sources exist at infinity and are
distributed uniformly in all directions. Hence the shadow
is obtained by solving the scattering problem of photons
injected from any points at infinity with any and every
impact parameters.
We also assume that an observer stays at infinity (r =
+∞) with the inclination angle i, which is defined by the
angle between the rotation axis of the collapsed object
and the observer’s line of sight. The celestial coordinates
(α, β) of the observer are the apparent angular distances
of the image on the celestial sphere measured from the
direction of the line of sight. α and β are measured in
the directions perpendicular and parallel to the projected
rotation axis onto the celestial sphere, respectively.
These celestial coordinates are related to the two con-
served parameters, ξ and η (and the inclination angle i),
as
α (ξ, η; i) := lim
r→∞
−rp(ϕ)
p(t)
= −ξ csc i , (12)
β (ξ, η; i) := lim
r→∞
rp(θ)
p(t)
=
(
η + a2 cos2 i− ξ2 cot2 i)1/2 ,
3where
(
p(t), p(r), p(θ), p(φ)
)
are the tetrad components of
the photon momentum with respect to locally nonrotat-
ing reference frames [38].
Then the shadow of the collapsed object is defined as
follows: Suppose some light rays are emitted at infinity
(r = +∞) and propagate near the collapsed object. If
they can reach the observer at infinity after scattering,
then its direction is not dark. On the other hand, when
they fall into the event horizon of a black hole, the ob-
server will never see such light rays. Such a direction be-
comes dark. It makes a shadow. We define the apparent
shape of a black hole by the boundary of the shadow [30].
The crucial orbits are the unstable spherical photon orbit
(r-constant orbit), which we will define later.
In the case of a naked singularity, since there is no
horizon, almost every light ray will come back to the
infinity after scattering. However, in the Kerr space-time,
there are two asymptotically flat regions; r → +∞ and
r → −∞. Hence once the light rays cross to the region
of r < 0 and go away to the other infinity (r = −∞),
they will never come back to our world (r > 0). As a
result, we find a small dark spot, in the direction where
photons escape to r = −∞. One may also find a very
narrow curve, which corresponds to the outer unstable
spherical orbit (discussed later). There is another dark
region in the case of a naked singularity. Some light rays
which accidentally hit a singularity will never reach the
observer. Hence on the celestial sphere, we will see a dark
point, in the direction where photons hit the singularity.
In order to find the apparent shape, we first have to an-
alyze photon orbits in a Kerr space-time. There are two
important classes of photon orbits for a shadow, which
we will discuss next.
C. Important Classes of Photon Orbits
Here we discuss two important classes of photon orbits:
a spherical photon orbit and a principal null.
1. Spherical photon orbits
One important class is the unstable spherical orbit,
which we find as follows.
If the orbit is on the equatorial plane, there is a circular
orbit. The orbit is given by the equations;
θ =
pi
2
,
R(r) = 0 ,
dR
dr
(r) = 0 . (13)
For a black hole, Eq. (13) gives the radius of the orbit as
r = r
(±)
circ := 2M
{
1 + cos
[
2
3
cos−1
(
∓ a
M
)]}
, (14)
ξ = ξ
(±)
circ :=
[(
r
(±)
circ
)2
+ a2
]
a
− 2r
(±)
circ∆(r
(±)
circ)
a
(
r
(±)
circ −M
) , (15)
where the upper sign applies to direct orbits and the
lower sign to retrograde orbits. In this case, the other
conserved parameter η vanishes because the Carter con-
stant Q is zero.
If it is a naked singularity, we have only one circular
orbit, which is a retrograde orbit with the radius
r = r˜
(−)
circ := 2M
{
1 + cosh
[
2
3
cosh−1
( a
M
)]}
.(16)
With this parameter ξcirc, the photon can go around
an infinite number of times on the circle with radius rcirc.
If |ξ| is slightly larger than |ξ(±)circ |, the photon from infin-
ity comes close to this circular orbit, but goes back to
infinity. On the other hand, if |ξ| is slightly smaller than
|ξ(±)circ |, then the photon from infinity gets into the horizon
(or hits a ring singularity). It will never come back to
our infinity (r = +∞). Hence ξcirc gives a part of the
boundary of the shadow on the equatorial plane.
For more generic photon orbits, the Carter constant Q
does not vanish. Such orbits are not on a two-dimensional
plane, but turn out to be three-dimensional. Even in
that case, we can define a critical orbit which provides
us the boundary of a shadow. This critical orbit is the
(unstable) spherical orbit. Such an orbit is given by
R(r) = 0 ,
dR
dr
(r) = 0 , (17)
with the additional condition that there exists some in-
terval I(⊂ [0, pi]) in which we find
Θ(θ) ≥ 0 as θ ∈ I . (18)
The solution of Eq. (17), r = rsph, gives the r-constant
orbit. Although the orbit is three-dimensional and could
be very complicated, it stays at the same radius. We call
it a spherical orbit. The solutions of the spherical orbits
form a one-parameter family. Hence adopting rsph as the
“parameter,” we find two conserved parameters of the
spherical orbits from Eq. (17) as [30] [39]
ξsph =
[
(rsph)
2
+ a2
]
a
− 2rsph∆(rsph)
a (rsph −M) , (19)
ηsph = −
r3sph
[
rsph(rsph − 3M)2 − 4a2M
]
a2(rsph −M)2 . (20)
The parameter rsph is constrained by the existence con-
dition (18) with Eqs. (19) and (20).
Inserting Eqs. (19) and (20) into Eq. (11), we find
I =
4r2sph∆(rsph)
(rsph −M)2 . (21)
4Hence for real spherical orbits, we have to require the
condition ∆(rsph) > 0, i.e., rsph > r+ or rsph < r− for a
black hole, where r± := M ±
√
M2 − a2 are the horizon
radii, and any radius rsph for a naked singularity. Since it
is not a sufficient condition for the existence of a spherical
orbit, when we draw the shadow of collapsed object in §.
III, we have numerically checked whether the solution of
Eq. (17) satisfies the condition (18).
Now we analyze the stability of the spherical photon
orbit. The stability is important because an unstable
spherical orbit can be critical just as the circular orbit,
and it will provide us the boundary of the shadow.
The condition for the spherical photon orbit to be un-
stable is
d2R
dr2
(rsph) > 0 . (22)
Assuming there exists a spherical orbit at the radius rsph,
we find that the condition for the orbit to be unstable is
rsph > r+ or rsph < 0 , (23)
for M ≥ |a| (a black hole) ,
rsph > r0 or rsph < 0 , (24)
for M < |a| (a naked singularity) ,
where
r0 :=M +
[
M
(
a2 −M2)]1/3 . (25)
For a black hole space-time, once the light rays enter
into the event horizon, they never come out. Then the
unstable spherical orbits inside the horizon (rsph < 0) do
not play any role for a shadow. On the other hand, in the
case of a naked singularity, the inner unstable spherical
orbit (rsph < 0) is also important because some photons
near this orbit may come back to the observer, while the
others may not. It also gives a critical orbit.
Note that even if there is a stable spherical orbit, there
is no corresponding point on the celestial sphere because
any orbits near this spherical orbit never go away to in-
finity or come from infinity.
2. Principal null-directions
Next we consider the orbits with I = 0. Equation (10)
implies that θ = θ0 (constant). This condition deter-
mines two conserved parameters as
ξ = ξprin := a sin
2 θ0 , (26)
η = ηprin := −a2 cos4 θ0 . (27)
Two tangent vectors of null-geodesics with these con-
served quantities ξprin and ηprin are given by
lµ±∂µ =
r2 + a2
∆
∂t ± ∂r + a
∆
∂φ , (28)
which represent the degenerate principal null-directions.
It is because they satisfy
Cabc[dl±e]l
b
±l
c
± = 0 , (29)
where Cabcd is the Weyl tensor. The existence of such
shear-free principal null-geodesics is guaranteed in the
Petrov type D space-time.
These principal null-geodesics may give just a dark
point on the celestial sphere. Since R = ρ4(θ0) > 0,
the geodesics has no turning point. The light rays go
“straight” with a constant angle θ0 from r = +∞ to
r = −∞ (or hit on a singularity on the equatorial plane).
Hence the light ray from the direction of θ0 = pi − i will
never reach the observer. It constitutes a dark point. It
turns out that it is involved in the dark shadow. Only
the observer on the equatorial plane (i = pi/2) will see a
dark point (see §. III A).
III. MEASUREMENT OF SPIN PARAMETER
A. Expected apparent shapes
Analyzing the null-geodesics, we investigate the
shadow of a Kerr black hole or a naked singularity.
The shadow of a Kerr-Newman space-time was stud-
ied in [31, 32]. Here, we reanalyze the shadow more
elaborately and see whether some information about the
shape and/or the size can determine space-time parame-
ters such as a spin.
(a) a/M = 0.5, i = 60◦ (b) a/M = 1, i = 60◦
(c) a/M = 0.5, i = 90◦ (d) a/M = 1, i = 90◦
FIG. 1: The shadows of Kerr black holes. The celestial coordinates
(α, β) are measured in the unit of the black hole mass M .
5First we show the shadows of a Kerr black hole using
Eqs. (12), (19), and (20). The light rays emitted at in-
finity will be captured by the black hole or be scattered
back to infinity. As we mentioned, the unstable spheri-
cal orbit with a positive radius rsph gives the boundary of
the shadow of a Kerr black hole. Hence, it determines the
apparent shape, which is shown in Fig. 1. This shaded
distorted “disk” gives what we will see as a shadow of a
Kerr black hole. The inside of this distorted disk is the
region where null-geodesics is captured by the event hori-
zon. If the rotation parameter a is small (e.g., a = 0.5M
as in Figs. 1(a) and (c)), the shape is almost a circle,
while if it rotates very fast (e.g., a = M as in Figs. 1(b)
and (d)), the shape is distorted. The typical feature is
that the left-hand side of the disk is chipped away. A
dark point by the principal null-geodesic appears inside
the disk in this case.
The distortion of the shape of the shadow can be un-
derstood as follows: When a black hole has a spin, the
radius of the direct circular orbit decreases and then the
left endpoint of the shadow moves to the right, while the
retrograde’s one increases and then the right endpoint
moves to the right as well (Fig. 1(c)). However, as the
black hole rotates more rapidly, the radius of the direct
circular orbit decreases faster than the retrograde’s one.
As the result, the left endpoint of the disk moves more to
the right compared with the right endpoint and then the
disk is distorted especially on the left-hand side (Fig. 1
(d)).
Next we show the shadows of a Kerr naked singularity
in Fig. 2. In the case of a naked singularity, the event
horizon does not exist and then the apparent shapes dras-
tically change from those of a black hole (see Fig. 2). The
unstable spherical photon orbit with a positive radius
(rsph > r0) constructs an “arc” (the black solid curves in
Figs. 2(a)-(d)). This is because the photons near both
sides of the arc may come back to the observer due to
the nonexistence of horizon. While the unstable spheri-
cal photon orbits with a negative radius (rsph < 0) con-
structs a dark spot (the small distorted disk in Figs. 2(a)
and (b)). The observer will never see the light rays from
such directions because they escape into the other infin-
ity (r = −∞) by passing through the inside of a singular
ring. It forms this dark spot. The dark point by the
principal null-geodesic appears inside the spot.
When the observer is on the equatorial plane, we find
that the same arc exists but the dark spot disappears.
This is because the light rays in the direction of negative
r < 0 will always hit on a ring singularity. Those null-
geodesics construct a “line” (the black straight line in
Figs. 2(c) and (d)). Its left endpoint corresponds to the
principal null-geodesics.
Changing the inclination angle from 0◦ to 90◦, the dark
spot shrinks to a single point, which corresponds to the
left endpoint of the straight line in Figs. 2(c) and (d),
i.e., the principal null-geodesics.
(a) a/M = 1 + 10−5, i = 60◦ (b) a/M = 2, i = 60◦
(c) a/M = 1 + 10−5, i = 90◦ (d) a/M = 2, i = 90◦
FIG. 2: The shadows of Kerr naked singularities. The arc (the
black solid curves in (a)-(d)) is constructed by unstable spherical
photon orbits in positive radius rsph. The small distorted disk
(the shaded region in (a), (b)) is constructed by the null-geodesics
which escape into the other infinity (r = −∞). The straight line
in (c), (d) is constructed by null-geodesics which plunge into a ring
singularity. The left endpoints of those lines correspond to the
principal null-geodesics.
B. Observables
Thus far, we have seen that the parameters such as a
spin parameter and an inclination angle determine the
apparent shape of the shadow of the Kerr space-time.
Now we study, inversely, whether it is possible to evaluate
the spin parameter and the inclination angle by observing
the shadow.
1. A black hole
In the case of a Kerr black hole, we may introduce two
observables which approximately characterize the appar-
ent shape. First we approximate the apparent shape by
a circle passing through three points which are located
at the top position (A), the bottom position (B), and the
most right end (C) of the shadow as shown by three red
points in Fig. 3. The point C corresponds to the unsta-
ble retrograde circular orbit when seen from an observer
on the equatorial plane. We define the radius Rs of the
shadow by the radius of this approximated circle. We
also take into account the dent in the left-hand side of
the shadow (see Figs. 1(b) and (d)). The size of this dent
is evaluated by Dcs, which is the difference between the
left endpoints of the circle and of the shadow (see Fig. 3).
6FIG. 3: The observables for the apparent shape of a Kerr black
hole are the radius Rs and the distortion parameter δs := Dcs/Rs,
approximating it by a distorted circle, where Dcs is the difference
between the left endpoints of the circle and of the shadow.
(a) The radius of the shadow Rs
(b) The distortion parameter of the shadow δs
FIG. 4: (a) The contour map of radii of the shadows of a Kerr
black hole. (b) The contour map of their distortion parameters.
Then we define the distortion parameter δs of the shadow
by δs := Dcs/Rs. Thus we adopt these two variables (Rs
and δs) as observables in astronomical observation.
We show the contour maps of the radius Rs and of the
distortion parameter δs in terms of a spin parameter a
and an inclination angle i in Fig. 4. One can see from
Fig. 4(a) that the radius decreases as the spin parame-
ter becomes larger but the inclination angle gets smaller.
This is because of the following reason: The horizon ra-
dius decreases as a increases, and then the radius of the
shadow also decreases when we observe near the rotation
axis (i ≈ 0◦). When we observe near the equatorial plane
(i ≈ 90◦), however, the radius of the shadow is insensi-
tive to the rotation parameter a because r
(−)
circ gets large
FIG. 5: The contour maps of the radius of the arc Rs (the red solid
curves) and the distorted parameter δs (the green dashed curves).
The contours are those for Rs/M = 4.84, · · · , 5.18, with the con-
tour interval being 0.02, and δs = 0.01, · · · , 0.1 and 0.12, · · · , 0.22,
with the contour intervals being 0.01 and 0.02, respectively. We
can evaluate the spin parameter a of the Kerr black hole and the
inclination angle i of the observer.
due to the frame dragging effect.
If one observes Rs as well as the black hole mass M
and the inclination angle i, one can determine the spin
parameter from this figure. On the other hand, from
Fig. 4(b), we find the different tendency for the distor-
tion of the apparent shape, i.e., δs increases as the spin
parameter gets larger as well as the inclination angle in-
creases. This is because we find the large distortion for
the observer near the equatorial plane (i ≈ 90◦) due to
the frame dragging effect, but no distortion appears for
the observer on the rotation axis (i ≈ 0◦).
If one observes δs as well as M and i, one can also
determine the spin parameter. However, it may be very
difficult to determine the inclination angle i. Therefore
we shall combine two contour maps for those observables
(Rs and δs). The one-to-one correspondence between (a
and i) and (Rs and δs) is very clear as shown in Fig. 5.
Hence if one measures the radius Rs and the distortion
parameter δs by observation, the spin parameter a and
the inclination angle i could be determined by use of
Fig. 5. For example, assuming that we know a black
hole mass M , if we find two observables as Rs = 5.1M
and δs = 0.05, we can conclude that a = 0.784M and
i = 44.1◦. So we may use this method to search for the
parameters, a and i.
2. A naked singularity
In the case of a Kerr naked singularity, the shadow
consists of two parts (the arc and the dark spot [or the
straight line]). One interesting shape is the arc, which
may not be observable because it is one-dimensional and
then its measure is zero. In realistic observation, how-
ever, the neighborhood of the arc will also be darkened
to be observed as a dark “lunate” shadow. If it is the
case, we have a chance to observe a shadow of a naked
singularity. We approximate this dark lunate shadow by
the arc with the radius Ra and the central angle ϑa as
7FIG. 6: The observables for the apparent shape of a Kerr naked
singularity are the radius Ra and the central angle ϑa, approximat-
ing it by an arc.
(a) The radius of the “arc” Ra
(b) The central angle of the “arc” ϑa
FIG. 7: (a) The contour map of radii of the arcs of a Kerr naked
singularity. (b) The contour map of central angles of the arcs. In
the blank spaces (white areas) in (a) and (b), the arc does not
exist.
Fig. 6.
We show the contour maps of the radius of the arc
Ra and of its central angle ϑa in Fig. 7. As we see in
Figs. 7(a) and (b), there is a blank space (a white area)
in the right-bottom corner, in which the arc does not ap-
pear. It is because there exists no unstable spherical orbit
with a positive radius in this area. From Fig. 7(a), we
find that the radius increases as the inclination angle gets
larger if the spin parameter is larger than a ∼ 1.1M . This
behavior is similar to the case of the radius of the black
hole shadow (Fig. 4 (a)), except for the blank space.
The radius is finite in the neighborhood of the blank
space, and vanishes incontinuously on the boundary.
FIG. 8: The contour map of the radius of the arc Ra (the red
solid curves) and its central angle ϑa (the green dashed curves).
The contours are those for Ra/M = 4.2, · · · , 5.1, with the contour
interval being 0.1 and ϑa = 30◦, · · · , 330◦, with the contour interval
being 30◦. If one can observe ϑa and Ra, the spin parameter a of
the Kerr naked singularity and the inclination angle i could be
evaluated, although there exists a degenerate region near the blank
space shaded in gray.
From Fig. 7(b), the central angle approaches 360◦ when
both a spin parameter and an inclination angle are suffi-
ciently small. That is to say, the arc closes and becomes a
distorted “circle” in such parameter region. The central
angle shows a steep decline to 0◦ in the neighborhood of
the blank space. On the boundary, the arc vanishes with
a finite radius.
In Fig. 8, we show the contour maps of the radius and
of the central angle in terms of the spin parameter and
inclination angle. Since these contours also give one-to-
one correspondence between (Ra and ϑa) and (a and i),
we may be able to evaluate a spin parameter and an
inclination angle by observing those two observables Ra
and ϑa, just as the same as the case of a black hole.
When the inclination is larger than 45◦ (the upper half
part of Fig. 8), one may easily determine the parameters
a and i from the observation of Ra and ϑa. However,
near the blank space, the contours of the spin parameter
and the inclination angle become degenerate. One may
find that it is hard to evaluate those parameters by real
astronomical observations.
However, in the case of a naked singularity, we have an-
FIG. 9: The separation distance between the left endpoint of the
dark spot and the center of the arc, which we denote Dsa. We then
define the aspect ratio of the shadow of a Kerr naked singularity;
Asa := Dsa/Ra, where Ra is the arc radius.
8FIG. 10: The contour map of the aspect ratio of the shadow of a
Kerr naked singularity, Asa.
FIG. 11: The contour maps of the aspect ratio Asa (the blue
dashed curves) and of the radius of the arc Ra (the red solid curves).
The contours are those for Ra/M = 4.2, · · · , 5.1, with the contour
interval being 0.1 and Asa = 1.2, · · · , 2.0, with the contour inter-
val being 0.1. The one-to-one correspondence between (Ra and
Asa) and (a and i) is very clear. We can use this contour map to
determine the spin parameter and the inclination angle.
other part of the shadow, i.e., the dark spot (or the dark
line). We can introduce another observable, the aspect
ratio Asa := Dsa/Ra by defining the separation distance
between the left endpoint of the dark spot (or the left
endpoint of the line) and the center of the arc, which we
denote Dsa (see Fig. 9). We call Asa an aspect ratio since
it is the ratio of the horizontal size of the shadow to the
vertical one as a whole. We show the contour map of this
observable in Fig. 10. This behavior is similar to the case
of the deformation parameter of the black hole shadow
(Fig. 4 (b)), except for the blank space. From Fig. 10,
we find this aspect ratio Asa highly depends on a, which
is very different from Ra. Hence a pair of Ra and Asa
may be better to use for the determination of a and i.
In fact, combining the two contour maps of Ra and Asa,
we find a clear one-to-one correspondence as shown in
Fig. 11. Hence if we observe both Ra and Asa, we can
easily determine a and i.
Note that we may find one-to-two correspondence for
some parameters, e.g., Ra/M = 4.8 and Asa = 1.6. Even
in that case, such information is still very useful because
we have only two choices, e.g., a/M = 1.21 or 1.02 for
the above data.
IV. CONCLUSION
A black hole casts a shadow as an optical appearance
because of its strong gravitational field. The apparent
shape of the shadow is distorted mainly by its spin pa-
rameter and the inclination angle. In this paper, we in-
vestigated whether it is possible to determine the spin
parameter and the inclination angle by observing the ap-
parent shape of the shadow of a compact object, which is
assumed to be described by Kerr space-time. Introduc-
ing two observables, the radius Rs and the distortion pa-
rameter δs, characterizing the apparent shape, we found
that the spin parameter and the inclination angle of a
Kerr black hole can be determined by measuring those
observables. It will rule out the possibility that a black
hole candidate is a naked singularity, if we observe them.
We have also extended this technique to the case of a
Kerr naked singularity. The result may provide us with
a practical method for future advanced interferometers.
Of course, we need further analysis to apply the present
approach to realistic observations. First we have to eval-
uate the luminous flux in each direction. Then we can
predict how dark in the directions around the shadow. It
is especially important in the case of a naked singular-
ity, because we have a one-dimensional dark arc as the
shadow.
We usually expect that the light source is at a finite dis-
tance and the size is also finite such as an accretion disk.
In that case, we may find shapes of shadows different
from the present one. We should study several realistic
light source models (a compact object with an accretion
disk, or a gravitationally collapsing object, etc) in order
to apply the present method. However, note that the
present shape gives the region in which direction we can
never observe any light from any light sources. Hence,
even if we have more realistic light source, once we can
find a part of the present shape, we may give some limits
on the spin parameter and inclination angle.
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